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Abstract. This article presents a 3-local characterisation of the spo- 
radic simple group McL and its automorphism group. The theorem is 
underpinned by two further identification theorems the proofs of which 
are character theoretic. The main theorem is applied in our investigation 
of groups with a large 3-subgroup [10] . 



1. Introduction 

This article extends earlier work of Parker and Rowley [8] in which the 
McLaughlin sporadic simple group McL and its automorphism group are 
characterised by certain 3-local information. Suppose that p is a prime and 
G is a finite group. Then the normalizer of a non-trivial p-subgroup of G is 
called a p-local subgroup of G. A subgroup M of G is said to be of character- 
istic p provided F*{M) = O p {M) where F*{M) is the generalized Fitting 
subgroup of M. See pQ for the fundamental properties of the generalized 
Fitting subgroup. The group G is of local characteristic p if every p-local 
subgroup of G has characteristic p and G is of parabolic characteristic p 
if every p-local subgroup of G which contains a Sylow p-subgroup of G has 
characteristic p. The difference between these two group theoretic properties 
is the difference between the characterisation theorem presented in [8] and 
the theorem presented in this article. The main theorem of the former article 
essentially assumes that the group under investigation is of local character- 
istic 3. The theorem we prove here in essence only assumes that the group 
G has parabolic characteristic 3 though it is not necessary to articulate this 
explicitly in the statement of the theorem. 

Theorem 1.1. Suppose that G is a finite group, S G Syl 3 (G), Z = Z(S) 
and J is an elementary abelian subgroup of S of order 3 4 . Further assume 
that 

(i) 3 '(A^(Z))«3^ 4 .2-Alt(5); 

(ii) 3 '(N G (J)) «3 4 .Alt(6); and 

(iii) C G (0 3 (C G (Z))) < 3 (C G (Z)). 

Then G = McL or Aut(McL). 
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The main theorem of [8] carries the additional hypothesis 

C G (0 3 (C G (x))) < 3 (C G (x)) 

for all x G J*. Hence to prove Theorem ll.il we just need to show that this 
statement is a consequence of the assumptions in Theorem ll.il 

Theorem [Ij] is applied in our investigation of exceptional cases which arise 
in the determination of groups with a large p-subgroup |10j . A p-subgroup 
Q of a group G is large if and only if 

(LI) F*(N G (Q)) = Q; and 

(L2) for all non-trivial subgroups U of Z(Q), then N G (U) < N G (Q). 

It is an elementary observation that most of the groups of Lie type in charac- 
teristic p have a large p-subgroup. The only Lie type groups in characteristic 
p and rank at least 2 which do not contain such a subgroup are PSp 2n (2 a ), 
F4(2 a ) and G2(3 a ). It is not difficult to show that groups G which contain 
a large p-subgroup are of parabolic characteristic p (see |10t Lemma 2.1]). 
The work in [7] begins the determination of the structure of the p-local over- 
groups of S which are not contained in N G (Q). The idea is to collect data 
about the p-local subgroups of G which contain a fixed Sylow p-subgroup 
and then using this information show that the subgroup generated by them 
is a group of Lie type. However sometimes one is confronted with the fol- 
lowing situation: some (but perhaps not all) of the p-local subgroups of G 
containing a given Sylow p-subgroup S of G generate a subgroup H and 
F*(H) is known to be isomorphic to a Lie type group in characteristic p. 
Usually G = H . To show this, we assume that H is a proper subgroup of G, 
and first establish that H contains all the p-local subgroups of G which con- 
tain S. The next step then demonstrates that H is strongly p-embedded in 
G at which stage [9] is applicable and delivers G = H. The last two steps are 
reasonably well understood, at least for groups with mild extra assumptions 
imposed. However it might be that the first step cannot be made. Typically 
this occurs only when N G (Q) is not contained in H. The main theorem of 
this article is applied in just this type of situation. Specifically, it is applied 
in the case that prime p = 3 and F*(H) is the group PSU4(3). In this case in 
F*(H) the large 3-subgroup Q is extraspecial of order 3 5 and is the largest 
normal 3-subgroup in the normalizer of a root group in F* (H) . In this con- 
figuration we are not able to show that N G (Q) < H, as is demonstrated by 
noting that PSU4(3) is a subgroup of McL. In fact in [10] we show that, if 
F*(H) ^ PSU 4 (3) and N G (Q) £ H, then F*(G) = McL,Co 2 , or PSU 6 (2). 
It is precisely for the identification of McL that we need the result of this 
paper. 

The route to prove Theorem 11.11 is paved by two lesser results. These 
theorems state that under certain hypotheses a subgroup H of a group G is 
actually equal to G. The two theorems are as follows: 



3 



Theorem 1.2. Suppose G is a finite group and H is a subgroup of G with 

H *L ((1, 2, 3), (4, 5, 6), (7, 8, 9), (1, 2)(4, 5), (1, 2) (7, 8)) « 3 3 : 2 2 . 

Lei T G Syl 3 (il) and assume JV G (T) = if ana" C G (i) < H for all teT*. 
Then G = H. 

The hypothesis about the embedding of H in G in Theorem 11.21 is equiv- 
alent to saying that H is strongly 3-embedded in G. 

We denote by K the subgroup of Alt (9) which normalizes 

J= ((1,2,3), (4, 5,6), (7,8,9)). 

Thus 

K = ((1, 2, 3), (1,4, 7)(2, 5, 8)(3, 6, 9), (1, 2)(4, 5), (1, 4)(2, 5)(3, 6)(7, 8)). 

Theorem 1.3. Suppose G is a finite group, H < G with H = K and 
J = 03(H). If Cc(j) < H for all j G J# and J is strongly closed in H with 
respect to G, then G = H. 

The proofs of both of these theorem exploit the methods introduced by 
Suzuki which permit parts of the character table of G to be constructed. 
Details of the theory behind the Suzuki method are very well presented in 
[3]. The embedding properties in both Theorems 11.21 and 11.31 which assert 
that centralizers of certain elements of H are contained in H are precisely 
the requirements needed to make the Suzuki theory of special classes work. 
The result of the Suzuki method are fragments of possible character tables 
for G. These fragmentary tables provide all the character values on certain 
elements of order 3 in H. This calculation is performed by hand and in great 
detail for the proof of Theorem [L2j For the proof of Theorem 11.31 however, 
as we start to build up the required decompositions there is an overwhelm- 
ing number of possibilities and so we have performed this calculation using 
Magma [2]. The result of this computation (which takes a few hours) is 
four fragments of possible character tables for G. However this statement is 
rather disingenuous as in fact each fragment represents many possible char- 
acter tables as the entries of the partial tables are only known up to sign 
choices. 

Recall that for x,y,z G G the G-structure constant 
a xyz = \{(a, b) G x G x y G \ ab = z] 
is determined by the character table of G by the following equation 

_ \G\ x{x)x(y)x{^ 1 ) 

axyz ~ \C G {x)\\C G (y)\ x(l) 

Xelrr(G) 

Notice that if we select x,y G H such that Cq{x) and Coin) are contained in 
H, then we know |C G (x)| = \Ch(x)\ and |C G (y)| = \Ch{v)\- Furthermore, 
for certain choices of x, y and z, we know all the character values of x, y and 
z. Thus the only unknown quantity on the left hand side of the structure 
constant equation is |G|. The proofs of both the above theorems pivot on 
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the following fundamental fact [5] about groups generated by two elements 
of order 3 which have product of order 3: 

Suppose that X = (x, y | x 3 = y 3 = (xy) 3 = 1). Then G 
has an abelian normal subgroup of index 3. 

This fact allows us to show that for certain z G H, and for certain pairs x, y 
of elements of order 3 in G, if xy = z then x,y 6 H. This means that we 
can calculate a xyz in H and so we know the left hand side of the structure 
constant formula. Hence in principle we can determine What in fact 
happens is that we can discover enough information about |G| to decide 
that the possible partial character tables are invalid or to show that G = H. 

Once Theorems ll.2l and ll.3l are proven, in Section 3 we prove Theorem ll.il 
Now suppose G and J be as in Theorem 11.11 and set Q = Os(Ng(Z)) and 
M = Ng(J). The initial part of the proof recalls some pertinent facts from 
[8J. In particular, we recall that M/J = Mat(lO) or 2 x Mat(lO). For y £ 
Q \ Z, we also show that 3 {Cm{v)) / (y) is isomorphic to the group H in 
Theorem O if N G ( J)/J = Mat(lO) and to the group H in Theorem O if 
Nq{J)/ J = 2 x Mat(lO). The main technical result in this section proves, for 
x e 3 (C M (y)/{y}), C CG ( y )/( y )(x) < C M {y)/{y) and exploits the theorem 
of Smith and Tyrer [IT]. Once this is proved we quickly finish the proof of 
Theorem 11.11 with the help of Theorems 11.21 and 11.31 

Our notation follows that of [1] and [6]. We use Atlas [3] notation for group 
extensions. For odd p, the extraspecial groups of exponent p and order p 2n+1 
are denoted by p\?~ 2n . The quaternion group of order 8 is Qs and Mat (10) is 
the Mathieu group of degree 10. A non-trivial central product of groups H 
and K will be denoted H o K. For a subset A of a group G, X G is the set of 
G-conjugates of A. From time to time we shall give suggestive descriptions of 
groups which indicate the isomorphism type of certain composition factors. 
We refer to such descriptions as the shape of a group. Groups of the same 
shape have normal series with isomorphic sections. We use the symbol ~ to 
indicate the shape of a group. All the groups in this paper are finite groups. 
Acknowledgement. The first author is grateful to the DFG for their sup- 
port and thanks the mathematics department in Halle for their hospitality. 

2. Proof of Theorems 11.21 and 11.31 

In this section we use the Suzuki method which exploits virtual characters 
to prove Theorems 11.21 and 11.31 We recall the following definition from [H 
Definition 14.5]. 

Definition 2.1 (Suzuki Special Classes). Let G be a group and H be a 
subgroup of G. Suppose that C = Ur=i^ ^ s a union of conjugacy classes of 
H . Then C is called a set of special classes in H provided the following three 
conditions hold. 

(i) C G {h) < H for all h G C; 

(ii) Cf C\C = Ci for 1 < i < n; and 
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(iii) if h G C and (h) = (f), then f G C. 

As mentioned in the introduction, the Suzuki method and the theory 
behind it are well explain in [4] and we refer the reader explicitly to Section 
14B in 0]. 

2.1. Proof of Theorem 11.21 Suppose that G, H and T are as in the 
statement of Theorem 11.21 Thus 

H = {(1, 2, 3), (4, 5, 6), (7, 8, 9), (1, 2) (4, 5), (1, 2)(7, 8)) « 3 3 : 2 2 , 

T G Sylg(iJ), H = N G (T) and C G (t) = C H (t) for all t € T#. Note that 
T = ((1, 2, 3), (4, 5, 6), (7, 8, 9)) is elementary abelian of order 27. 

We fix the following notation for the representatives of the non-trivial con- 
jugacy classes of H: 8l = (1,2)(7,8), s 2 = (4,5)(7,8), s 3 = (1,2)(4,5), h = 
(1, 2, 3), t 2 = (4, 5, 6), t 3 = (7, 8, 9), i 4 = (1, 2, 3)(4, 5, 6), t 5 = (1, 2, 3) (7, 8, 9), 
te = (4, 5, 6)(7, 8, 9), t 7 = (1, 2, 3)(4, 5, 6)(7, 8, 9), t 8 = (1, 3, 2)(4, 6, 5) (7, 9, 8), 
h = (1,2)(4,5,6)(7,8), f 2 = (1,2,3)(4,5)(7,8) and / 3 = (1, 2)(4, 5)(7, 8, 9). 

For 1 < i < 8, define 

Ci = if C T # . 

Lemma 2.2. The following hold: 

(i) T G Syl 3 (G); 

(ii) H controls G-fusion of elements of order 3 in T; 

(iii) C = Ui=i Q = i s se t °f special classes in H; and 

(iv) iftE T* and x,y G C G satisfy xy = t, then either (x), (y) and (t) 
are all G-conjugate or x,y G H. 

Proof. As H = N G (T) and T G Syl 3 (F), T G Syl 3 (G). Thus (i) holds and, 
as T is abelian, (ii) follows from a theorem of Burnside. That C is a set of 
special classes follows from (i), (ii), the hypothesis that Co(t) < H for all 
t G T* and the fact that C = T#. So (iii) holds. 

Suppose that x,y G C G , t G T* and that xy = t. Assume that (x), (y) 
and (t) are not all G-conjugate and set X = (x,y). Then (x) Syl 3 (X). 
Since x, y and t have order 3, X has an abelian normal subgroup Y of index 
3 and, as (x) Syl 3 (X), Y has order divisible by 3. In particular, |Cy(t)| is 
divisible by 3. By hypothesis C Y (t) < C G (t) < H. Hence FflT/1. Since 
Y is abelian, Y < C G (Y n T) < H. Thus Y < H and T n y G Syl 3 (y). 
But then 1 7^ GTny(a^) and consequently x G Cc(GTny(^)) < -H"- Similarly, 
y & H. Hence X < H and this proves (iv). □ 

We obtain the character table of H. This can of course be done by hand, 
but we have used Magma [2]. 

The vector space of class functions on H which vanish off the special 
classes of H has dimension 8 (see [H Lemma 14.6]) and is easily seen to 
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Class 


1 


Sl 


S-2 


S3 


h 


*2 


*3 




*5 


*6 






h 


h 


h 


Xi 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 




1 


1 


-1 


-1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


-1 


-1 


Ys 


1 


-1 


-1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


-l 


-1 


1 


YzL 


1 


-1 


1 


-1 


1 


1 


1 


1 


1 


1 


1 


1 


-1 


1 


-1 


Y^ 


2 








-2 


2 


2 


-1 


2 


-1 


-1 


-1 


-1 








1 


X6 


2 








2 


2 


2 


-1 


2 


-1 


-1 


-1 


-1 








-1 


X7 


2 





2 





-1 


2 


2 


-1 


-1 


2 


-1 


-1 





-1 





X8 


2 





-2 





-1 


2 


2 


-1 


-1 


2 


-1 


-1 





1 





X9 


2 


-2 








2 


-1 


2 


-1 


2 


-1 


-1 


-1 


1 








Xio 


2 


2 








2 


-1 


2 


-1 


2 


-1 


-1 


-1 


-1 








Xn 


4 











4 


-2 


-2 


-2 


-2 


1 


1 


1 











Xl2 


4 











-2 


-2 


4 


1 


-2 


-2 


1 


1 











Xl3 


4 











-2 


4 


-2 


-2 


1 


-2 


1 


1 











Xu 


4 











-2 


-2 


-2 


1 


1 


1 





P 











Xl5 


4 











-2 


-2 


-2 


1 


1 


1 




a 












Table 1. The character table of H. Here a = —2 — 3a; and 
(3 = 1 + 3uj where w = e 27Ti/3 . 



have the following basis: 

Ai = X1 + X2 + X3 + X4-XH, 
A2 = X5 + X6-X11, 
A3 = X7 + X8-X11, 

A4 = X9 + Xio-Xii) 
A5 = X11-X12, 
A6 = X11-X13, 
A7 = X11 - Xi4 and 
As = XH-X15- 
For 1 < i < 8, define 

15 

^ = ^2xj{U)Xj- 
i=i 

For s _1 £ H \ C we have 

15 

7i(s -1 ) = X)Aj(*i)Xj(s _1 ), 
i=i 

which is zero by the second orthogonality relation. Hence, for 1 < i < 8, 

7i e (A 3 - 1 1 < j < 8). 



7 



In the matrix C below, row i describes the decomposition of 7, in terms of 

\ 



the Xj. 



C 



/l 2 -1 2 2 2 2 2 

/ 1 2 2-12-42 2 
1-12 2-4 2 2 2 
1 2 -1-1-1 2 -1 -1 
1-1-12 2-1 -1 -1 
1-12-12 2-1-1 
.1-1-1 -1 -1 -1 -a -/3 1 
\1 -1 -1 -1 -1 -1 -/3 -a/ 



The matrix of inner products (Ai, A,), 1 < i,j < 



is 



1 1-1-1 -1 -1 \ 
1 1-1-1 -1 -1 \ 



5 1 1 

1 3 

1 1 3 1-1-1-1-1 
1 1 1 3-1-1 -1 -1 
-1-1-1-12 1 1 1 
-1-1-1-11 2 1 1 
.-1-1-1-11 1 2 1 / 
\ -1 -1 -1 -1 1 1 1 2 / 



For 1 < i < 8 set /ij = Xf. We use the fact that = (Xi, Xj) (see [U 

Lemma 14.9]) to determine the possibilities for the decomposition of /ij as 
a linear combination of irreducible characters of G. 

Let Irr(G) = {61, . . . ,6 m } be the irreducible characters of G with the 
principal character being 9\. We know by Frobenius reciprocity that 9\ has 
multiplicity 1 in /zi and multiplicity in H2, . . . , Furthermore, for 1 < 
i < 8, we also have = again by [U Lemma 14.9]. 

We have (fi\,ni) = (Ai, Ai) = 5. Suppose fj,\ = 6\ ± 262- Then 

l = (Ai,A 2 ) = (/i 1 ,^ 2 ) = ±2(^ 2 ,/i 2 ), 

which is a contradiction. Hence we have, up to reordering the irreducible 
characters of G, 



/'1 



h + £2#2 + e 3 6 3 + £4^4 + £5#5 



where £j G {1, —1} for 2 < j < 5. 

Now as (iJ,i,/j,i) = (Xi,Xi) = 2 and /ij(l) = for 5 < i < 8, //5,//6iA*7 and 
Us must be the difference of two characters of G. Therefore 

^5 = crm + cr 2 T 2 , 
fJ-7 = 0-57-5 + cr 6 r 6 and 

/i 8 = O-7T7 + fT 8 78 

where for 1 < i < 8, G Irr(G) and ai G {1,-1}. Using the fact that 
(fj,i,fij) = 1 for 5 < i < j < 8, we deduce that, again up to changing 
notation, 0-1 = 0-3 = 0-5 = 0-7 and t\ = 73 = 75 = 77 and that the other 
characters are pairwise distinct and the signs are negative a\ . Thus in reality 
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we have 



/'5 


= (Tm 


- OlT 2 , 


/'6 


= cnn 


- 0"lT4, 


jl 7 




— 0"iT6 and 


/'8 


= crm 





where \{t2, T4, r 6 , rg}| = 4. Now we decompose H2i^3 and /x 4 . These excep- 
tional characters involve three irreducible constituents. 

A*2 = + <5 2 772 + #37/3, 

= ^4??4 + <5 5 rfe + 5 6 r/ 6 and 

HA = S 7 1] 7 + (5 8 r? 8 + Sgrjg 

where, for 1 < i < 9, r/i G Irr(G) and Si G {1, —1}. We have that (H2,Hj) = 
— 1 for 5 < j < 8. If (/U2,tl) = 0, then T2,T4,re and Tg must all appear 
in the expression for hi and this is absurd as there are only 3 irreducible 
constituents. Hence (n^m) = —o\. Similarly (h3,t~i) = —o\ and (ha,t\) = 
-a\. Since (H2,H3) = (^2,^4) = {^3,^a) = 1, we now have 

H 2 = -am + S 2 r]2 + S3V3, 
H 3 = -cTin + S 5 r] 5 + <5 6 ?? 6 and 

/i 4 = ~om + ^8% + %79 

where again the characters rji are pairwise distinct and are not in {t"2, T4, tq, ts}. 
Now suppose that (/ii,Ti) = 0. Then 772 , %j 72, T4, T6, ts all appear in /xi, 
as Hi) = ±1 for all i, which is not possible. Hence 

Hi =61- am + €363 + e 4 6>4 + e 5 9 5 . 

Finally, again after adjusting notation yet again, we have proved that 



Hi = Qi + £ 2#2 + £3^3 + £4^4 + £5^5; 

H2 = £2#2 + £6#6 + £7^7) 

H3 = £2#2 + £8^8 + £9#9j 

Ha = £2^2 + £io#io + £11^11, 

H5 = —£2^2 + £2^12, 

He = —£2^2 + £2^i3> 

Hi = —£2^2 + £2^14 and 

Hs = —£2^2 + £2^15 



where £j G {1,-1} and 9i, ... ,615 G Irr(G) are pairwise different. This 
provides a matrix B with |Irr(G)| columns (those columns indexed by 9i 
with i > 16 consist only of zero entries and have been suppressed) which 
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describes this decomposition 

/ 1 £2 £3 £4 £5 ... \ 
/0£2 000 £ 6 £7 00 0... 
£ 2 £ 8 £9 ... 

R _ £ 2 0000000 £io £n ... 

D — -£ 2 £ 2 0... 

-e 2 £ 2 ... 

-£ 2 £ 2 ... 

\0 -£ 2 0000000 000 £2.../ 

We now deploy Suzuki's Theorem on special classes [H Theorem 14.11] 
to obtain a fragment of the character table for G by forming the product 
{CB) 1 . We let the degree of 0{ be denoted by d{. Notice that as /^(Ig) = 0) 
we know that d 2 = d\ 2 = d\% = d\± = d\§. It is important to note here that 
every character 0i, i > 16, of G takes value zero when evaluated on tj for 
1 < j < 8. That is, the part of the character table of G below the columns 
that are presented consists entirely of zeros. 



Class 


1 


h 


t 2 


t 3 


U 


h 


t 6 


t 7 




01 


1 


1 


1 


1 


1 


1 


1 


1 


1 


02 


d 2 


-4e 2 


2e 2 


2e 2 


2e 2 


2e 2 


-£ 2 


-£ 2 


-£ 2 


03 


d 3 


£3 


£3 


S3 


^3 


£3 


£3 


£3 


£3 


0a 




£4 


£4 


£4 


£4 


£4 


£l 


£l 


£4 


05 


d 5 


£5 




£5 


£5 


£5 


£5 


£5 


£5 


06 


de 


2e 6 


2e 6 


-£& 


2e 6 


-£G 


-£e 


-£& 


-£6 


07 


d 7 


2e 7 


2e 7 


-£7 


2e 7 


-£7 


-£7 


-£7 


-£7 


08 


d 8 


-£8 


2e 8 


2e 8 


-£8 


-£s 


2e 8 


-£% 


-£s 


09 


d 9 


-£9 


2e 9 


2e 9 


-£9 


-£9 


2e 9 


-£9 


-£9 


010 


dw 


2eio 


—£10 


2e w 


— £10 


—£10 


— £10 


— £19 


— £10 


0u 


dn 


2en 


-£11 


2e u 


-£11 


-£11 


-£11 


-£11 


-£11 


012 


d 2 


2e 2 


2e 2 


~4:E 2 


-£ 2 


2£ 2 


2£ 2 


-£ 2 


-£ 2 


013 


d 2 


2e 2 


-Ae 2 


2e 2 


2e 2 


-£ 2 


2£ 2 


-£ 2 


-£ 2 


011 


d 2 


2e 2 


2e 2 


2e 2 


-£% 


-£ 2 


-£ 2 


—£ 2 a 


-£ 2 /3 


01b 


d 2 


2e 2 


2e 2 


2e 2 


-£ 2 


-£ 2 


-£ 2 


-£ 2 P 


-£ 2 a 



Table 2. A few columns of the character table of G 



We can now determine the structure constants for G. We use the structure 
constants formula 

|gj A 9 i (x)0 i (y)9 i (z- 1 ) 

axVZ \C G (x)\\C G (y)\ ^ ^(1) 

Because of Lemma 12.21 (iv), so long as x, y and z do not generate conjugate 
cyclic subgroups, we can determine a xyz by calculating in H (we can either 
use the character table or calculate by hand in H). However we may also 
use our partial character table of G given in Table [2] to obtain expressions 
for the structure constants. 
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We have 

1 |C| /-, , £3 £4 £5 8£6 8£r 2eg 2eg 2gip 

a tit 2 u - (54)2 U + da + ^ + dg + d& + d7 + ds + dg + diQ 

| 2eu _ 44e 2 
dn d 2 

and, as a 2 + /3 2 = —13, 

2 _ Qt t t — J^Ln _|_ £3 _|_ £i _)_ £5 _|_ ^£6 _|_ 2£7 _ £8 _ £9 _|_ 2g 10 
*7*7*l ^7)2 ^ 3 rf 4 ^ 5 rf 6 rf 7 rf g rf 9 rf 10 

, 2en 26e 2 , 



dn d 



2 



-)• 



Subtracting at^u 1 ^~ L an d multiplying by 2, we get 

|Gj 12e 6 12e 7 6e 8 6e 9 36e 2 
1 ' (54) 2 1 d 6 + d 7 + d 8 d 9 d 2 h 

Now we determine the structure constants dt 1 t 2 t 3 = ot^ta = an d obtain 

. £3 £4 . £5 4e 6 4e 7 4e 8 4e 9 4ei 

= a tl t 2 t 3 = ( 1 + 3- + 3~ + 3 3 1 1 — 

d 3 d 4 d 5 d e d 7 d 8 dg d w 

4en 32e 2 , 



du d 2 



and 



n ,., . £3 £4 . £5 . 8e6 857 2e 8 2e g 4£io 

= a tltlt2 = {i + ^- + ^- + ^- + -r + -r + -r + -r - -7— 

d 3 a 4 0(5 d 6 d 7 d 8 dg d w 
4en + 40e 2 
dn d 2 
Subtracting a tlt2 t 3 - Ot ltlt2 gives 

72e 2 12^6 _|_ 12^7 ^ 6e 8 6eg 
d 2 d& d-j d 8 dg ' 

Finally, we substitute Eqn. [2] into Eqn. [I] to get 

1 = Z|$.1«.£. 

(54) 2 d 2 

Thus \G\ = —27e 2 d 2 . In particular, e 2 = —1. Now there are at least 5 
characters of G which have degree d 2 . Hence 5d 2 < |G| = 27d 2 and so 
d 2 < 5 and \G\ < 27 • 5. Since 108 divides |G|, we have G = H and this 
completes the demonstration of Theorem 11.21 □ 

2.2. Proof of Theorem II .31 In this subsection K is the subgroup of Alt (9) 
which normalizes J = {(1, 2, 3), (4, 5, 6), (7, 8, 9)). Thus 

K = ((1, 2, 3), (1, 4, 7)(2, 5, 8)(3, 6, 9), (1, 2)(4, 5), (1, 4)(2, 5)(3, 6)(7, 8)). 

We remark that K has shape 3 3 :Sym(4) but is not the unique group of this 
shape which has characteristic 3. We assume that G, H and J are as in 
the statement of Theorem 11.31 Hence we may identify H with K and for all 
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Class 


Ci 


C-2 


c 3 


Ci 


c 5 


Ce, 


c- 


Cs 


Cg 




Cn 


Cl2 


Cl3 


C14 


Size 


1 


27 


54 


6 


8 


12 


72 


54 


54 


108 


72 


72 


54 


54 


Order 


1 


2 


2 


3 


3 


3 


3 


4 


6 


6 


9 


9 


12 


12 


/V 1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


Y9 
/Y.-»- 


1 


1 


-1 


1 


1 


1 


1 


-1 


1 


-1 


1 


1 


-1 


-1 


/V o 


2 


2 





2 


2 


2 


-1 





2 





-1 


-1 










3 


-1 


-1 


3 


3 


3 





1 


-1 


-1 








1 


1 


X5 


3 


-1 


1 


3 


3 


3 





-1 


-1 


1 








-1 


-1 


X6 


6 


2 





3 


-3 








2 


-1 











-1 


-1 


X7 


6 


2 





3 


-3 








_2 


-1 











1 


1 


X8 


6 


-2 





3 


-3 











1 











C 


-c 


X9 


6 


-2 





3 


-3 











1 











-c 


c 


Xio 


8 








-4 


-1 


2 


2 











-1 


-1 








Xn 


8 








-4 


-1 


2 


-1 











2 


-1 








X12 


8 








-4 


-1 


2 


-1 











-1 


2 








X13 


12 





-2 





3 


-3 











1 














X14 


12 





2 





3 


-3 











-1 















Table 3. The character table of H. Here £ = y3. 



j G J* we have Cg(J) < H. Furthermore, J is strongly closed in H with 
respect to G. We recall that this means that J 9 n H < J for all g G G. 

Just as in the proof of Theorem II. 2| the proof of Theorem 11.31 exploits 
Suzuki's method of special classes. We have used [2] to produce the character 
table of H and have presented the result in Table El The conjugacy classes 
of H will be represented by C\ , . . . , C14 as labeled in Table El We let x = 
(1,2,3) G C4, y = (1,2,3)(4,5,6) G C 6 , z = (1, 2, 3)(4, 5, 6)(7, 8, 9) G C 5 and 
J = x H U y H U z H . So 

l 7 = c 4 uc 6 uc 5 = J # . 

Notice that 2 is 3-central and so we may suppose that T is chosen so that 
Z(T) = (z). 

Lemma 2.3. The following hold: 

(i) T G Syl 3 (G); 

(ii) i? controls G-fusion of elements of order 3 in T; 

(iii) C = J U Ui=9 i s se t °f special classes in H; and 

(iv) if 't G J and a,b G l 7 G satisfy ab = t, then either (a), (b) and (t) 
are all G-conjugate or a,b G J*. 

Proo/. We calculate Z(T) < J and Z(T) = (z). Hence C G (Z(T)) < H by 
hypothesis and so T G Syl 3 (G) which is (i). 

Using TableEland the fact that x,y,z G J, we have \Ch{x)\ = \Cg{%)\ = 
108, \C H (y)\ = \C G {y)\ = 54 and \C H {z)\ = \C G (z)\ = 81. Hence x, y 
and z are not conjugate in G. Let to G T n C7. Then it; has order 3. As, by 
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assumption, J is strongly closed in H, w is not G-conjugate to some element 
in J. This completes the proof of (ii). 

For s G Ul=9^' some power of s is contained in J. Hence parts (i) and 
(ii) and the hypothesis that Cq{£) < H for t E J imply that (i) and (hi) 
of Definition 12.11 hold. Furthermore, as Cq{s) < H for all s E C, the only 
possibility for Definition 12.11 (ii) to fail is if classes C\\ and C\2 fuse in G 
or if C13 and C14 fuse in G. In the first case there are a G C\2 and b G C\ 3 
such that (a) = (6) and a 3 = 6 3 G C5 is 3-central. Hence if these classes fuse, 
they do so in the centralizer of a 3 and thus in H which is a contradiction. 
A similar argument shows classes C\ 3 and C14 also cannot fuse. Hence C is a 
set of special classes in H. 

Before we start with the proof of (iv) we make some remarks. Let w G C7. 
Then we may suppose that T = J(w). From the structure of H (or Ta- 
ble [3]), we know Ch(w) is 3-closed with Sylow 3-subgroup (z,w). In partic- 
ular, (z,w) contains exactly two conjugates of z and therefore Ng((z,w)) < 
Cg{z) < H which implies 

(2.3.1) For w G C7 fl T, (z,w) G Sv1 3 (Gg(u>)) and (z,w) contains two G- 
conjugates of z and six G-conjugates of w. 

Suppose that t G J and a, b G J G satisfy ab = t. To prove (iv) we may 
suppose that (a), (b) and (t) are not all G-conjugate. Furthermore, setting 
X = (a, b) we may suppose that X = A{a) where A is a normal abelian 
subgroup of X. Let A3 be the Sylow 3-subgroup of A. As (a), (b) and (i) 
are not all G-conjugate, A3 / 1. 

Assume that X-g.lt. We first suppose that t £ 4 3 . Then A 3 < A < 
C G (t) < H and hence a $ H. Let B = C Az (a). If B n J / 1, then a G 
Cg(B D J) < H , which is a contradiction. Thus B has order 3 and the 
non-trivial elements of B are in class C7. Since ^3 is abelian and t G A3, we 
now have (B,t) < A 3 < C H {B). As \C H (B)\ 3 = 9 by|(2.3.1)[ (£,*) = A 3 



and (t) = ^3 fl J is the unique G-conjugate of (t) contained in ^3. But 
then a G Cc(t) < H a contradiction. Hence t tfL A 3 and X = (t)A. If 
G^ 3 (t) fl J / 1, then we have that A = < G G (G^ 3 (t) n J) < ff, a 
contradiction. So we have that G J 4 3 (t) is of order three and the non-trivial 
elements are all in Cj. By (*) we have that CA 3 (t)(t) is a Sylow 3-subgroup 
of Ca(CA 3 (t)) and so Ut = CA 3 (t){t) is a Sylow 3-subgroup of X. As a 
and b are not in by (ii), we have that also a and b are not in A and so 
U a = (CA 3 (t),a), Uf, = (CA 3 (t),b) are Sylow 3-subgroups of X too. Now we 
have that J G n (t, Ga 3 (t)) = {t, t" 1 } by (ii). As C/j, t/5 and U a are conjugate 
in A, we have that also \U a n | = 2 = \Ub n |. However this means 
that (i), (a) and (6) are all A-conjugate, which is a contradiction. Therefore 
(iv) holds. □ 



For g,h,k G G we let a^fc be the corresponding G-structure constant. 
Recall x = (1,2,3), y = (1, 2, 3)(4, 5, 6) and z = (1, 2, 3)(4, 5, 6) (7, 8, 9). 
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Lemma 2.4. We have the following G-structure constants values: a xyz = 3, 
&xxy = 2, a X xz = Oj ^yyx = 4, dyyz = 6, a Z zx = 4, a ZZ y = 2. 

Proof. Because of Lemma 12.31 (iv) we can calculate these G-structure con- 
stants in H. To do this we may either calculate by hand in K or use the 
character table of H presented in Table [3l □ 

Lemma 2.5. \G:H\ = 1 (mod 27). 

Proof. Suppose that x £ G and consider J n -fP. As J is strongly closed 
in i7 with respect to G, Jfl H x < J x . Hence, if J n H x > 1, then by the 
assumption on the centralizers of elements in J#, J < H x and consequently 
J x = J and a; € Nq(J). Thus the conjugation action of J on {J x | x G G} 
fixes J and otherwise has orbits of length \J\ = 27. Since 

N G (J) = C Ng(j) (z)H = C H {z)H = H 

by Lemma E3(h), we conclude that \G : H\ = \{J X \ x £ G}\ = 1 (mod 27) 
as claimed. 

□ 



We use the notation for characters of H introduced in Table El 

Lemma 2.6. Suppose that 9 is a virtual character of G. Then 9(1) = 9(z) 
(mod 9). 

Proof. Set ip = Y^lte Xi- We have ^(1) = 72, ip(z) = -9 and i/j(w) = if w 
is not conjugate to either 1 or z. Hence, as there are eight conjugates of z 
in H, 

W>, Oh) = ,4(720(1) - 729(z)) = 1(0(1) - 9(z)) 

is an integer. This proves the claim. □ 
Lemma 2.7. Suppose that 6 is a virtual character of G. Then 
0(1) ee 49 (z)- 39 (x) (mod 27). 

Proof. Set ip = YfLaXi- We have = 24 ' = 12 ' ^( z ) = ~ 12 and 

■(/"(w) = if w is not conjugate to either 1 or z. Hence 

W>, 0h)h = TT^ 24 ^ 1 ) + 6 • *20(x) " 8 • 120 ( z )) = ^(0(1) + " 4 #W) 

is an integer which proves the claim. □ 

We now follow the Suzuki method as used to prove Theorem II .21 We find 
the following basis for the class functions which vanish off the special classes 
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C: 



Ai 
A 2 
A 3 
A 4 
A 5 
A 6 
At 
A 8 

Ag 



For 1 < i < 9, define 



2xi + Xi3 - X6 - Xio, 
Xi - X5 - Xe + X12, 
X1 + X2 + X8-X10, 
Xl + X5 + X12 - X14, 
X2 - X4 - X7 + X12, 
Xl2 - X3 _ X8) 
X8 - X9, 
Xn - X12 and 
X4 + X5-X8- 

15 



7t 



^Xj(*i)Xj 



where tj S Cj+3 for 1 < i < 3 and tj S Cj+5 for 4 < i < 9. By the second 
orthogonality relations, for 1 < i < 9, 

7i e (Ai 1 1 <i < 9). 

In the matrix C below, row i describes the decomposition of 7^ in terms of 
the A,-, 1 <j < 9. 



/ 



V 



4 
-2 
1 

-1 
1 
1 





-3 
3 

1 




-1 
-1 



\ 

6 
3 

-1 



/ 



We now determine the possibilities for the matrices B which have columns 
indexed by the irreducible characters Irr(G) = {#1, . . . ,8 S } of G, rows in- 
dexed by the induced virtual characters [ii = \f and (i,j)th entry indicating 
the multiplicity of the character 6j in the virtual character /ij. To determine 
the entries in the candidates for B, we use that, for 1 < i < k < 9, 

(Mi) Ph) = (Ai, Afc) 

and that the multiplicity of the principal character of H in Aj is the same 
as the multiplicity of the principal character of G in fii (see [U Lemma 
14.9, Theorem 14.11]). The calculation to determine the candidates for B 
was performed using Magma [2]. From the candidate matrices B, we can 
calculate fragments of the character table of G by calculating C = (DB) 1 . 
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The columns of the fragments are indexed by the G-conjugacy classes rep- 
resented in the special classes C and the rows are indexed by the irreducible 
characters of G. 

When calculating B, we note that negating a column results in a fur- 
ther solution to the inner product equations. Similarly a permutation of the 
columns results in a different candidate for the matrix B. These operations 
correspond to renaming the characters in C or to negating a character in C 
and so we may consider the solutions to be equivalent. We always arrange 
that the first row corresponds to the principal character. The calculation 
reveals four solutions, whose rows are inequivalent under the manipulations 
just described. The columns of the fragments corresponding to the elements 
x, y and z are presented in Table [H In fragments one and two, the rows 
consisting of zeros have non-zero entries on other members of the special 
classes and so we have left the rows in our partial tables. Remember that 
these fragments now have rows that may be the negative of character values. 



X 


z 


y 


1 


1 


l 


4 


1 


-2 


-3 


3 








-3 


3 


3 


3 


3 


4 


1 


-2 


-4 


2 


-1 














3 


-3 











-5 


1 


-2 


-4 


-1 


2 





-6 


-3 



X 


z 


y 


1 


1 


l 


4 


1 


-2 


-3 


3 








-3 


3 


-4 


2 


-1 


-3 


-6 





4 


-2 


1 














-3 


-6 


4 


-2 


1 


-5 


-2 


1 












X 


z 


y 


1 


1 


l 


3 





-3 


1 


4 


-2 


3 


-3 





-3 


-3 


-3 


-4 


-1 


2 


4 


-2 


1 


3 


-3 








3 


-3 


3 


3 


3 


2 


2 


2 


-3 


3 





-4 


-1 


2 



X 


z 


y 


1 


1 


l 


4 


1 


-2 





3 


-3 


3 


-3 





-4 


-1 


2 


-3 


-3 


-3 


-1 


-1 


-1 


-3 


3 








3 


-3 


-3 


-3 


-3 


-3 


3 





2 


2 


2 


-3 


3 





-4 


-1 


2 



Table 4. The candidates for inequivalent fragments of the 
character table of G. 



For the candidates for the partial character table of G given in Table HI 
we show that the first three cases are not associated with a character table 
of a group which satisfies Lemmas 12.51 12.61 or 12.71 whereas in the fourth case 
we demonstrate that G = H. All the calculations make use of the structure 
constants presented in Lemma 12.41 We denote the virtual characters of G 
represented in the fragments in Table [5] by 8\,...,0 S where s is the number 
of rows in the corresponding fragment and 9\ is the principal character of 
G. For 1 < i < s, define 

di = 6i{l). 
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8 
d 6 


8 

* + 


10 

dn 


+ 


8 

du 


32 


16 


50 


+ 


32 


a? 6 


d 7 


dn 


^12 


16 


4 


20 




16 


d 6 


d~7~ 






dn 



Thus iij is an integer and is positive if and only if 6{ is a character. We set 

54 9 1 
Lemma 2.8. Fragment one of Table\4\ is not possible. 

Proof. The values of the structure constants a xyz = 3, a xxy = 2 and a yyx = 4 
given in Lemma 12.41 yield, respectively, the following equalities: 

6 8 27 

g d 2 d 5 

8 _ 32 27 _ 

g d 2 d 5 

4 16 27 

g d 2 d 5 

To simplify our notation we set w 1 = - |r + w 2 = w 3 = 

and io* = 1 + 

6 

(3) u;4 = toi — 2^2 + ^3 

9 

g 

(4) = Aw\ + 4^2 — 5^3 

9 

4 

(5) W4 = —2w\ + W2 — 2W3. 

9 

Subtracting four times Eqn. [3] from Eqn. |4] and adding two times Eqn. [3] to 
Eqn. [5] we get 

16 

h 3^4 = 12^2 — 9W)3 

9 

3u>4 = —3^2 

9 

which means that ui2 = w 3 . Thus — 4dn = lOc^. Now, by Lemma 12.61 
d\\ = 1 (mod 9) and d 7 = 2 (mod 9). This implies — 4dn = —4 (mod 9) 
and 10dj = 20 (mod 9) = 2 (mod 9), which is a contradiction. □ 

Lemma 2.9. Fragment two of Table\Qis not possible. 

Proof. We consider the structure constants a xyz = 3 and a yyx = 4. These 
provide the equations 

6 8 8 8 8 10 

g d 2 d 5 d 7 d w d n 

4 16 4 4 4 5 

g d 2 a 5 d 7 di d n 

Adding two times EqnJ7| to Eqn. [B] gives the conclusion 

14 24 

- = 3 + ;r- 

g d 2 
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This means that 7 • 9d 2 - 3d 2 \G : H\ = 24 |G : H\ and yields 

7 ■ 3d 2 - d 2 \G : H\ = 8\G : H\. 

By Lemma 12.61 we have d 2 = 1 (mod 9) and by Lemma 12.51 |G : = 1 
(mod 9). Therefore 

2 = 7 • 3d 2 - d 2 \G : H\ = 8\G : H\ = -1 (mod 9), 

which is absurd. Thus Fragment two does not lead to a group. □ 

Lemma 2.10. Fragment three of Table^is not possible. 

Proof. In this case we use all the structure constants other than a xyz to 
reach our conclusion. The structure constants a xxy = 2, a yyx = 4, a xxz = 0, 

a zzx = 4, a yyz = 6, and a zzy = 2 lead, respectively, to the following six 
equations: 

8 27 2 27 32 16 27 8 32 
g d 2 d 3 d 5 d 6 d 7 d 10 d n d 13 

4 27 4 27 16 4 27 8 16 
g d 2 d 3 d 5 d 6 d 7 d w d u di 3 

4 27 27 16 32 27 27 8 27 16 

d 3 d A d 5 d G d 7 d s d w d u d 12 d 13 

9 16 27 27 4 16 27 27 8 27 4 

5 d 3 di d 5 d 6 d 7 d s d w d u d 12 d i3 

6 16 27 4 2 27 27 8 4 
5 d 3 d 5 d e d 7 d 9 d w d u d 13 
9 32 27 2 4 27 27 8 2 
2ff d 3 d 5 d 6 d 7 d 9 d 10 d u d V3 ' 

Weset Wl = g,™ 2 = |^3 = -g-| + £,™4 = l-g + £ + ^ ; 
^5 = | + a£, ™6 = f and w 7 = g. 

8 

(8) = — — w 2 + 16wx, + 8^6 

9 

4 

(9) ^4 = w± + 2u; 2 — 8^5 + 2^6 

(10) — ^4 = 2U7 2 + U7 3 — 8^5 — 16^6 

. . 9 

(11) W4 = 8w 2 — w 3 — 2ws + 8wq 

9 

6 

(12) Wi = 8w 2 — 2^5 — wq + w 7 

9 

9 

(13) Wi = -16u> 2 + w 5 + 2wq - w 7 . 

%9 

If we add the first four equations and subtract twice the sum of the last two 
equations, we obtain 

= 27w; 2 . 
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Therefore = w 2 = which is ridiculous. □ 

Lemma 2.11. Fragment four of Table\4\ leads to the conclusion G = H . 

Proof. This time we focus on the structure constants a xyz = 3, a xxy = 2 and 
a yyz = 6. These, respectively, provide the following equations: 

6 8 8 27 1 27 8 8 

g d 2 d 5 d 6 d 7 di d 12 d u 

8 32 32 27 1 27 8 32 

g d 2 d 5 d 6 d 7 d 10 d\ 2 d 14 

6 4 27 4 27 1 27 27 8 4 

g d 2 d 3 d 5 d 6 d 7 d 9 d w d 12 du' 



Thus setting Wl = 1 - g - £ - £ + w 2 = + £ + £ and 
= |j + g, we see that 

Wi = 2w 2 



9 
8 

w\ = 8w 2 

9 
6 

Wl = -w 2 + w 3 . 



9 

Therefore w 3 = 1/g and so 

2 1 + 2 1 = l\ G : H \-\ 
d 3 dg 2 

Hence 

(14) d 3 d 9 = 6\G:H\(d 3 + d 9 ). 

In particular c?3 + dg ^ 0. As d 3 and dg are both less than |G| > | CZ3 dg | 
and consequently Eqn. [T4l also implies |G| > 6|G : H\\d 3 + dg|. This means 
that 

|d 3 + d 9 | < |if|/6 = 108. 

On the other hand, 

< (d 3 + d 9 ) 2 = d\ + d 2 9 + 2d 3 d 9 

= d\ + dl + 12\G : H\(d 3 + dg) < \G\ + 12\G : ff|(d 3 + dg) 

and so 

\H\ + 12(d 3 +dg) > 0. 

We conclude d 3 + d 9 > —54. Furthermore, if d 3 + dg is positive, then, by Eqn. 
HH d 3 anddg are both positive and, as (d 3 +dg) 2 = d 2 +d|+12|G : ff|(d 3 +d 9 ), 
we see 

12\G : H\ < d 3 + d 9 < 108 

which gives \G : H\ < 9. Since Lemma [2.51 states \G : H\ = 1 (mod 27), this 
mean that G = H as desired. Therefore we may assume that d 3 + dg < 0. 
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By Lemma [2.71 d 3 = dg = 12 (mod 27). Hence a = d 3 /3 and b = dg/3 are 
integers with a = b = 4 (mod 9). As 03+09 > —54, we have —18 < a+b < 0. 
Additionally Eqn. [14] becomes 

(15) ab = 2\G : H\(a + b). 

We now determine the possibilities for a and b modulo 27. From Lemma [2.51 
we have \G : H\ = 1 (mod 27) and therefore Eqn. [T5l yields ab = 2(a + b) 
(mod 27). Since a = b = 4 (mod 9), we have that a and b are equivalent to 
one of 4, 13 or 22 modulo 27. As ab = 2(a + 6) (mod 27), we infer that either 
a = b = 4 (mod 27), or up to change of notation, a = 13 (mod 27) and 
b = 22 (mod 9). In particular a + b = 8 (mod 27). Since -18 < a + b < 0, 
this is impossible. □ 

The proof of Theorer Al.3\ Since fragments 1, 2 and 3 of Table 0] are not 
associated to a possible character table of G and since fragment 4 leads to 
the conclusion that G = H, we must have G = H. □ 



3. The proof of Theorem 11.11 

In this section we assume the assumptions of the Theorem 11.11 Hence we 
assume the following hypothesis. 

Hypothesis 3.1. G is a finite group, S £ Syl 3 (G) ; Z = Z(S) and J is an 
elementary abelian subgroup of S of order 3 4 . Furthermore 

(i) 3, (A^(Z))«3^ 4 .2-Alt(5); 

(ii) 3 '(N G (J)) 3 4 .Alt(6); and 

(iii) C G (0 3 (C G (Z))) < 3 (C G (Z)). 

We use the same notation as established in [U Section 5]. Thus Q = 
3 (N G (Z)\ 

L = N G (Z), U = O a '(L), M = N G (J) and M* = 3 '(M). 
With this notation Hypothesis 13.11 (i) and (ii) are expressed as 

L*/Q ^ 2-Alt(5) ^ SL 2 (5) and M*/J S Alt (6) = fij (3). 
Furthermore, Q is extraspecial of order 3 5 and exponent 3. 

Lemma 3.2. T/ie following hold: 

(i) C G (Q) = Z(Q) = Z has order 3; 

(ii) C G {J) = J; 

(iii) J = J(S) is the Thompson subgroup of S; and 

(iv) 5 = JQ and N G (S) = L n M. 

Proof. As C G (Q) < Q by Hypothesis 13. II (iii) and Q is extraspecial, part (i) 
holds. Since S" < L, IS 1 : Q| = 3 and Q is extraspecial of order 3 5 , J is a 
maximal abelian subgroup of S and Z < Q. It follows from the described 
structure of L and M that C G (J) < J and, as J is abelian, (ii) holds. 
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For (iii) suppose there is J < S, J abelian and |J| > |J|. Then, as 
S/J G Syl 3 (M*/J) 9* Alt(6), | J n J| > 3 2 . If S = J J, then Z(S) > J n J 
which contradicts (i). Thus J J ^ S and so | J n J\ > 3 3 . If J 7^ J, then, by 
hypothesis (iii) of Theorem [LI] </ J is not normal in N^ G ^(S). Hence there 
is x G iV G (5') such that 5 = JJJ X . Further we have | J n jj = | J n J x \ = 3 3 , 
in particular | J n J n J x \ > 3 2 . Since this group is contained in Z(S), we 
again have a contradiction to (i). 

Since J % Q and |5/Q| = 3, we have 5 = JQ. Also Ng(S) < N G (Z(S)) 
and iV G (5) < N G (J{S)). Hence A^ G (5) < Lt~)M. Finally we have L n M < 
iV G (5) as 5 = JQ. Thus (iv) holds. □ 

Lemma 3.3. As an M*/ J -module, J can be identified with the irreducible 4- 
dimensional section of the natural 6-point GF (3) X -permutation module for 
Alt(6). In particular, J supports a non- degenerate orthogonal form which is 
invariant under the action of M . 

Proof. See [HJ Lemma 5.4 and this discussion at the bottom of page 1769]. 

□ 

Lemma 3.4. Let X = Alt (6) and V be the irreducible A- dimensional section 
of the natural 6-point GF '(3) X -permutation module. Then 

(i) X has three orbits on the 1-dimensional subspaces ofV. One orbit 
has length 10 and the other two orbits both have length 15. 

(ii) If (v) <V is in an X -orbit of length 15, then C x {v) = Alt (4). 

(iii) Every hyperplane of V contains an element from the orbit of length 
10. 

(iv) If x £ X is of order 4, then Cy{x) = and \Cv{x 2 )\ = 3 2 . 
Proof. These statements are the results of easy calculations. □ 

Set 

L = L*N Ah (S) and M = M*N L ,(S). 

Since, by Lemma 1331 (iv) . Nq(S) = M n L, Lq and Mq are subgroups of G. 

In the next lemma 2~Sym(5) denotes the double cover of Sym(5) which 
contains 2' Alt(5) and in which the transpositions lift to elements of order 4. 
The Sylow 2-subgroups of 2~Sym(5) are quaternion groups of order 16. 

Lemma 3.5. The following hold. 

(i) M / J = Mat(10), Lo/Q ^ 2~Sym(5) and N L ,(S)N M ,{S) has Sy- 
low 2-subgroups which are isomorphic to Qs. 

(ii) \L : L \ = \M : M | < 2. 

(iii) If\L:L \=2, then M / J ^ 2 x Mat (10) and L/Q = (4 o SL 2 (5)).2. 
Furthermore, Nq(S) has Sylow 2-subgroups which are isomorphic 
to 2 x Q 8 . 



Proof. See [HJ Lemma 5.11]. 



□ 
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Lemma 3.6. All involutions contained in M act with determinant 1 on J 
and project to elements in F*{M/ J). 

Proof. By Lemma [33] either M/J = Mat(lO) or M/J ^ Mat(lO) x 2. As all 
involutions of Mat(lO) are contained in Alt (6), all the involutions of M/J 
are contained in F*(M/J). If F*(M/J) = Alt (6), then, as Alt (6) is perfect, 
the result holds. If F*(M/J) = Alt(6) x 2, then the central involution in 
M/J inverts J and so also has determinant 1. This completes the proof. □ 

Lemma 3.7. Suppose that A < M has order 4 and \Cj(A)\ > 9. Then 
Cj{A) contains a conjugate of Z . 

Proof. As any involution of Mat (10) is contained in Alt (6) and, by Lemma [3.51 
\M : M 1 < 2 and M /J = Mat (10), A contains an involution a G M*. Hence 
we may assume that a normalizes S. Because Nm* (S) / S is cyclic of order 4, 
a is a square in Nm,(S). Hence a centralizes Z(S) = Z. As a has determi- 
nant 1 in its action on J, we have that |Cj(a)| = 9 and so Cj(a) = Cj(A) 
contains Z. □ 

Since, by Lemma [3721 (iii) . J is the Thompson subgroup of S and because 
J is abelian, [H 37.6] implies M controls G-fusion of elements in J. There- 
fore Lemma 13.41 (i) implies that there are at most three and at least two 
conjugacy classes of subgroups of order 3 in J. We know that the 3-central 
class is represented by Z and that the non-trivial elements of Z correspond 
to singular vectors in J. As Alt(6) is not isomorphic to a subgroup of fij (3) 
(which is soluble) , the quadratic form on J which is preserved up to similar- 
ity by M is of — type. Thus there are no subgroups of J of order 9 in which 
all the subgroups of order 3 are conjugate to Z. 

Lemma 3.8. (i) M controls G-fusion in J; 

(ii) M has exactly two orbits when acting on the subgroups of order 3 
in J; and 

(iii) z G nQ = {z}. 

Proof. We have already discussed (i). 

As Mo/ J = Mat(10) by Lemma [3.51 and Mat(10) has no subgroups of 
index 15, we deduce that {y) M ° has size 30 and therefore Cm {d) = Cm*(v) 
and Cm*(v)/J — Alt (4) by Lemma l3"~4T ii). In particular, there are at most 
two orbits of Mq on subgroups of J of order three. Since there are at least 
two orbits, (ii) holds. 

Suppose that Y < Q n J has order 3 with Y ^ Z and that Y is G- 
conjugate to Z. Then W = YZ is a subgroup of J of order 9 in which every 
proper subgroup is conjugate to Z. Since J has no such subgroups of order 
9, we infer that no such Y exists. Thus, if y £ (J Pi Q)\ Z, then y is not 
3-central in G. □ 

Lemma 3.9. We have that J does not normalize any non-trivial 3' -subgroup 
ofG. 
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Proof. Assume that J normalizes a non-trivial 3'-subgroup X of G. Then, as 
every subgroup of J of order 27 contains a conjugate of Z by Lemma f3.4l (hi) 
and as J acts coprimely on X, we may assume that Y = Cx(Z) 7^ 1. But 
then Y is a non-trivial 3'-subgroup of L. As Y is normalized by A = J n Q 
and Y normalizes Q, [A,Y] < QflY = 1 and hence, as Y 7^ 1 and A is a 
maximal abelian subgroup of Q, Y < Cl(A) = J. But then Y = 1, which is 
a contradiction. □ 

We now select and hx y G {QC\J)\Z and then dehne -ftT = Cm{v) and 7f = 
Cc(y)- The aim of the next lemmas is to prove that 

C G {(h{H)) < 3 (H). 
Lemma 3.10. VFe /iai>e Cl(v) < -K"- 

Proof. We consider the subgroup £7 = (y,Z) and calculate Cl*(U) = Cl* (y). 
As £7 < J and J is abelian, J < Cl„{U) and, as Q is extraspecial, Cq(U) 
has index 3 in Q and Cq(U)J is a Sylow 3-subgroup of Cl{U). Since the 
elements of order 5 in L* act hxed point freely on Q/Z and since the involu- 
tions in L* invert Q/Z, we infer that Ci t {U) = Cq(U)J. Hence Cl^v) and 
C L (y) are 3-closed. It follows that C L (y) < N G (C Q (U)J) < N G (J) = M as 
J = J(5) by Lemma EJ (iii). □ 

Define 

K a = ((1, 2, 3), (1,4, 7)(2, 5, 8)(3, 6, 9), (1, 2) (4, 5)) 

and 

Kb = #Ait(9)(((l,2,3), (4,5,6), (7,8,9)}) 

= ((1, 2, 3), (1,4, 7)(2, 5, 8)(3, 6, 9), (1, 2) (4, 5), (1, 4)(2, 5)(3, 6)(7, 8)). 

We have that K a is isomorphic to a semidirect product of an elementary 
abelian group of order 27 by Alt (4) and Kb is isomorphic to a semidirect 
product of an elementary abelian group of order 27 by Sym(4). Moreover 
\Kb : K a \ = 2. Note that any elementary abelian subgroup of Sym(9) of 
order 27 is conjugate in Sym(9) to ((1, 2, 3), (4, 5, 6), (7, 8, 9)) 

Lemma 3.11. One of the following holds: 

(i) M/J ^ Mat(lO) and K/(y) ^ K a ; or 

(ii) M/J ^ Mat(lO) x 2 and K/{y) ^ K b . 
Moreover, C K {0 3 {K)) < 3 {K). 

Proof. We saw in the proof of Lemma 13.81 that Cm q {v) = Cm»(u) and 
CmXv)/ j - Alt (4). Let A e Syl 2 (C A /,(y)) and a G A*. Then the action of 
Cm*{v) on the cosets of [J,a]A(y) gives an embedding of Cm*{v) I ' (y) m to 
Sym(9). Since Cm* (y)/(y) is generated by elements of order 3 and normalizes 
J/(y), we have C M ,(y)/{y) = K a . Thus, if M = M , then (i) holds. 

Suppose that M > M . Then M/J = Mat(lO) x 2. Let b G M be 
an involution such that 6 J G Z(M/J). Then 6 inverts y and also y is 
inverted in NmA^mAv)) ~ 3 4 :Sym(4). Thus the diagonal subgroup of 
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(b) N m*(C M*(y)) / J = 2 x Sym(4) which is isomorphic to Sym(4) central- 
izes y. Now every element of M*(6) acts on J with determinant 1. It fol- 
lows that every element of CM*a>){y) ac ^ s on J/(u) with determinant 1. 
Let B G Syl 2 (C^^) (?/)) an d t G Then CM,{b){y) ac ^ s on the nine 

cosets of [J, t]B(y) in C Mjf / b \(y). Thus again we have C Mt ^(y)/(y) is iso- 
morphic to a subgroup of Sym(9) which normalizes a subgroup of order 
3 3 . Since every element of CM,{b){y) ac ^ s on J/{y) with determinant 1, 
we deduce that they have commutator of order 3 2 in J / (y) ; in particu- 
lar CM t (b){y) does not contain elements conjugate in Sym(9) to (1,2) or 
(1, 2)(3, 4)(5, 6). Hence C Mt ^{y)/(y) is isomorphic to a subgroup of Alt (9). 
Therefore C M (y)/{y) = K*. 

Finally, as Oy{K) = 1 by Lemma EES and K is soluble, C K {0 3 {K)) < 
3 (K). □ 

The proof of Lemma [3. 131 needs the following theorem of Smith and Tyrer. 

Theorem 3.12 (Smith- Tyrer [H]). Let D be a finite group and let P be 
a Sylow p-subgroup of D for some odd prime p. Suppose P is abelian but 
not cyclic. If \N D (P) : C D (P)\ = 2, then (P{D) < D or D is p-soluble of 
p-length 1. □ 

The next lemma is required when we apply Theorems 11.21 and 11.31 

Lemma 3.13. Let x G J \ (y). Then C H/{y) (x{y)) < K/{y). 

Proof. Set U = (x,y) and let W be the preimage in H of Cu/{ y ) (x{y)). Then 
\U\ =9, W normalizes U and O s (W) centralizes U. 

Assume first that U contains a G-conjugate of Z. If this is a i^-conjugate 
of Z, we may assume that U = (Z,y). Thus Cq(U) = Ci(y) < K by 
Lemmas 13.81 (iii) and 13.101 

Assume that U contains a conjugate Z g of Z, which is not conjugate 
to Z in K. Then U contains exactly two conjugates of Z and W = Cq(U). 
Moreover (Z 9 ) K is of length three or six, depending on whether K/ (y) = K a 
or Kb respectively. In particular J is a Sylow 3-subgroup of W. Now W < L 9 . 
As J is a Sylow 3-subgroup of W, we have that U ^ Q 9 and so Q 9 U = Q 9 (y) 
is a Sylow 3-subgroup of K 9 . We now have that Cxs{y) < Nx g (Q 9 U). Since 
J < Q 9 U, we have that J = J(Q 9 U) and so 

W < N G {J{Q 9 U)) < N G (J) = M. 

But then W < K and we are done. 

So we finally consider the case when just consists of G-conjugates of 
y. As the centre of Cs(y) = JCq(y) is equal to (y,Z), we again see that 
J is a Sylow 3-subgroup of Cg(U). In particular, by the Frattini Argument 
W = (WCiM)C G (U). Thus it suffices to show that C G (U) < M. By Lemma 
13.71 a Sylow 2-subgroup of Cm(U) has order at most 2. 

So we have 



(3.13.1) 
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(i) J/U is a Sylow 3-subgroup of C G (U)/U, 

(ii) \N Cg(u)/u (J/U) : J/U\ < 2. 

Assume that C G {U) is not 3-soluble. Then Burnside's normal p-complement 
Theorem [61 Theorem 7.4.3] and (3.13.1) (i) and (ii) imply \Nc G (u)/u(J/U) ■ 



J/U\ = 2. Therefore Theorem E32] shows 3 (C G (U)/U) < C G (U)/U. How- 
ever, there is an involution a from Cm(U) acting on J/U and, by Lemma 
13.61 it acts on J with determinant 1. Thus a inverts J/U. In particular J/U 
is contained in 3 (C G (U)/U), which is a contradiction. 

So we have shown that Cg(U)/U is 3-soluble. Using Lemma 13.91 yields 
Oy(C G (U)/U) = 1 and so J/U is normal in C G {U)/U. But then C G {U) < 
M and this proves the lemma. □ 

Lemma 3.14. Let p G K be an element of order three. Then p is H- 
conjugate to an element of J if and only if p G J. In particular, J is strongly 
closed in Cs(y) with respect to H. 

Proof. Assume that p G C s (y) \ J- As C s (y)/(y) = 3 I 3 by LemmaETQ all 
elements of order three in the coset J p are conjugate into (y)p. As Cg(y) j£ 
J, we may assume that p G Q. So, again using Lemma [3.11l we have Ck(p) = 
(y,Z,p) < Q. As Z is weakly closed in Q by Lemma 13.81 (iii), we deduce 
N H (C K (p)) < N G (Z) = L. As HnL < K by LemmaEHil C K {p) is a Sylow 
3-subgroup of Ch(p)- In particular p is not conjugate to any element of J. 
This proves the lemma. □ 

Let 

K c = K' a = ((1, 2, 3), (4, 5, 6), (7, 8, 9), (1, 2) (4, 5), (1, 2)(7, 8)). 

Lemma 3.15. Assume that M/J = Mat(lO). Then H has a normal sub- 
group F of index 3 and (F n K)/{y) = K c . 

Proof. By Lemma EH] (i), K/J ^ Alt (4). Notice that as Z{C s {y)) = 
(y,Z), Cs(y) G Syl 3 (if) and Ni{(Cs(y)) < K by Lemma f3. 101 In particular 
(NH(Cs(y)))' < J- Furthermore, for any Sylow 3-subgroup P of H, P' is 
contained in a //-conjugate of J. Hence by Lemma [3. 141 the focal subgroup 

((N H (Cs(y))y,C s (y)nP' | P e Syl 3 (#)> < 

Thus Griin's Theorem [fH Theorem 7.4.2] implies O s (H/(y)) < H/(y). The 
action of K a on J shows that J < 3 (H)(y). Hence there is a subgroup F 
containing J, which is of index 3 in H and (F n K)/{y) = K c . □ 

The next theorem is the final step before we achieve our goal. 

Theorem 3.16. Suppose that G satisfies Hypothesis \3.1i Then, for all j G 
J*, 

C G (0 3 (C G (j)))<0 3 (C G (j)). 

Proof. By Lemma 13.81 (ii), j is either conjugate to an element of Z or to an 
element of (y). In the former case we have C G {0 3 {C G {j))) < 3 {C G {j)) by 
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Hypothesis 13.11 (iii). Thus we may suppose j G (y). We distinguish between 
the two possibilities in Lemma 13.51 

Suppose first that M/J = Mat(lO). By Lemma 13.151 we have that H 
possesses a normal subgroup F of index 3. By Lemmas 13. 151 and 13. 131 Fj (y) 
satisfies the assumption of Theorem 11.21 (with G = F j (y) and H = (F fl 
K)/{y)). Hence F/(y) = (FC\K)/(y) and so H = K. Thus the result follows 
from Lemma 13.111 

Now suppose that M/J = 2 x Mat (10). Then Lemmas [3Tl] (ii) , EH] and 
13. 141 imply that H/{y) satisfies the assumptions of Theorem [L3j Hence again 
we get H = K and the result follows from Lemma 13.111 □ 

Proof of Theorem Hypothesis 13.11 and Theorem 13.161 provide the hy- 
pothesis for [8j Theorem 1.1]. Thus application of [8j Theorem 1.1] yields 
G = McL or G = Aut(McL) and proves the theorem. □ 
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